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An analogy between the twisted quantum xxz model and a gated Josephson junction array is used
to predict sharp structure in the critical currents versus gate voltage, and fractional AC Josephson
frequencies. We prove selection rules for level crossings which imply fractional periodicities of ground
states with varying Aharonov-Bohm flux. Extrapolated numerical diagonalization on ladders, find
a Haldane gap at moderate easy-plane anisotropy, with vanishing superfluid stiffness. Physical
parameters for experimental realization of these novel effects are proposed.
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Quantum phase fluctuations in superconductors can
drive zero temperature superconductor to insulator tran-
sitions [1], as observed for example in disordered films
[2]. Their effects can be enhanced and studied in de-
tail using a weakly coupled, low capacitance Josephson
junction array (JJA) [3,4].
Theory of quantum phase fluctuations has used models
of interacting bosons on a lattice [5], and quantum dy-
namics of vortices [6]. The latter approaches have pro-
posed collective phases such as vortex Bose condensa-
tion [7] (for the insulator), and fractional Quantum Hall
phases (for JJAs in magnetic field [8]).
Lattice bosons map onto effective models of quantum
spins. A popular approximation to the phase diagram is
mean field theory on the classical (large S) spin model
[9]. In the strongly quantum regime, the same mapping
relates the Mott insulator (integer bosons per site) and
the quantum disordered antiferromagnet [5].
In this paper we explore the quantum magnetism anal-
ogy further. We focus our attention to the effects of a
periodic lattice on superconductivity. We study the quan-
tum xxz model with twisted boundary conditions (i.e. an
Aharonov Bohm (AB) flux) both numerically and analyt-
ically. The many body spectrum, vortex tunneling rates,
and superfluid stiffness are computed for different lattice
dimensions and magnetization (Cooper pair density). We
prove general selection rules for symmetry protected level
crossings. This rule imposes fractional periodicities of
the ground state as a function of AB flux, and is closely
related to the “fractionally quantized phases” found by
Oshikawa, Yamanaka and Affleck (OYA) in magnetized
Heisenberg chains [10].
The following effects may be observed in JJAs of di-
mensions Lx × Ly.
(i) Haldane gap. Our numerical results for the xxz model
on a two leg ladder find a Haldane gap in a sizeable
regime of the easy plane anisotropy parameter. The low-
est gap remains finite, while the superfluid stiffness de-
cays exponentially for Lx → ∞. The Haldane phase is
characterized by a suppressed critical current (relative to
its classical value), and a high AC Josephson frequency
fQ = 2eV/h, where the classical Josephson frequency of
the array is fcl = 2eV/(hLx).
(ii) Fractional Oscillations. At fractional Cooper pair
densities n = p/(qLy), p, q integers, selection rules de-
rived below produce sharp dips in the critical current Icr
versus gate potential. In these states, AC Josephson os-
cillations appear at subharmonic frequencies f qQ = fQ/q.
We conclude by proposing physical parameters for ex-
periments.
The short range Bose Hubbard model is given by
HBH = U
∑
i
n2i +
∑
〈ij〉
(
V ninj − 2J
(
eiθijb†ibj +H.c
))
,
(1)
where b†i creates a boson (Cooper pair [11]) at site i on
a square lattice with nearest neighbor bonds 〈ij〉, and
ni = b
†
ibi. The lattice is placed on a cylinder penetrated
by an AB flux Φ, introduced via the gauge phases θij =
δj,i+xˆ2πφ/Lx, where φ = Φ/Φ0, and Φ0 = h/(2ec). The
supercurrent in the x direction is given by Is =
1
h
〈∂H
∂φ
〉.
At large U >> J, V one can keep the two lowest energy
Fock states at every site, say |n¯i〉 and |n¯i+1〉, and project
out all other occupations. In the projected subspace,
b†i , bi, ni− n¯i are replaced by spin half operators S
+
i , S
−
i ,
and Szi +
1
2
respectively. This transformation maps (1)
onto the quantum S = 1
2
xxz Model [12]
Hxxz =
∑
〈ij〉
(
Jz
S2
Szi S
z
j +
J
2S2
(
eiθijS+i S
−
j +H.c
))
(2)
where the Ising coupling is Jz = V/4, and we limit our
discussion to easy plane anisotropy Jz ≤ J , in order to
avoid the charge density wave phases [9]. A pure gauge
transformation φ→ φ+1 on (1) or (2) leaves their spec-
trum invariant.
It is instructive to consider the classical (large S)
ground state energies of (2) which are adiabatically con-
nected to the ground states at φ = i, i = 0, 1, . . .,
1
Eicl(φ) = JLyLxδn(1− δn) cos
(
2π(φ− i)
Lx
)
, (3)
where δn ≡ n − n¯. At φ = q/2, q integer, pairs of clas-
sical ground states of oppositely directed supercurrents
become degenerate, as depicted in Fig. (1).
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FIG. 1. Schematic adiabatic ground state energies as a
function of Aharonov Bohm flux E(Φ), where E0 = E(0).
Thin lines: classical energies Eicl (3). Thick lines: quantum
adiabats of periods qΦ0, for q = 1, 2, 3. Notice the level cross-
ings for q 6= 1, which are protected by the selection rules (4).
Tunneling paths between the two classical ground
states can be constructed as histories of vortices travers-
ing the lattice in the y direction, or nucleation and sep-
aration of a vortex-antivortex pairs upto the two edges.
The tunneling matrix elements, unless prohibited by se-
lection rules, open minigaps at the avoided level cross-
ings. This allows their precise computation from the
(many body) eigenenergies as a function of AB flux
[14–16].
The Hamiltonian (2) was diagonalized using the Lanc-
zos algorithm using lattice momentum and total magne-
tization to block-diagonalize the matrix. For the two leg
ladder at Sztot = 0, we find a regime of J
z < J where
the minigaps at φ = 1/2 remain finite as Lx increases,
which indicates a Haldane gap phase in the thermody-
namic limit. This phase has been previously established
for isotropic integer spin chains [17], and half odd integer
ladders [18] and chains at finite magnetic fields [10].
To establish this phase we plot in Fig. 2, the magnon
gap [19] at φ = 1/2 as a function of 1/Lx, and extrapolate
the results to 1/Lx → 0. However, for the extrapoltion
to be justified, we must be certain that we have reached
the asymptotic Lx >> ξ regime where ξ is the correla-
tion length. ξ was calculated from the superfluid stiffness
K = ∂2E/∂φ2, which was found to fit to an exponen-
tial K(Lx) ∝ exp(−Lx/ξ). We find that in the regime
FIG. 2. Haldane gaps. Magnon excitation energies for
two leg Josephson ladders for different anisotropy Jz/J . Here
J = 1 and Em is the lowest eigenenergy of magnetization m
at flux Φ = Φ0/2. ξ is the stiffness correlation length given
by finite size scaling of ladder lengths upto Lx = 12.
Jz/Jx ∈ (0.5, 1), the correlation length is ξ ∈ (4.26, 2.13)
which is safely smaller than the larger system dimensions.
For the pure xy model at Jz = 0, however, ξ reaches our
largest system size. In this regime therefore, an extrapo-
lated finite gap at 1/Lx = 0 is not credible.
An easy-plane Haldane phase is explained as follows.
The path integral of an even leg ladder of S = 1/2 spins,
can be mapped onto a classical partition function of an
O(2) relativistic field theory in two dimensions [17,13].
Its temperature T 2d scales asymptotically as ∼ (SLy)
−1
[21]. This suggests that below a certain spin size and
ladder width, a disordered phase with exponentially de-
caying correlations is possible, which translates into a
finite gap for excitations and vanishing stiffness for long
ladders. Above a critical width Ly > L
KT
y , correlations
should decay as a power-law with a finite (1d) superfluid
density 4π2ρs = limLx→∞(LxK) > 0.
Selection rules for avoided level crossings. Vortex tun-
neling is enabled by the lattice since it breaks continuos
translational symmetry. However, the remaining discrete
translational symmetry imposes selection rules which are
given by the following theorem.
Theorem: For the Hamiltonian (2), at φ = q/2, for in-
teger q, any eigenstate |Sztot, kx, α〉 where kx is the lat-
tice momentum in the x direction, and Sztot is the total
magnetization, is at least two-fold degenerate unless the
following condition is satisfied:
Sztot
Lx
+
kx
π
+ SLy = p/q (p, q integers) (4)
The theorem is similar to Lieb, Shultz and Mattis (LSM)
theorem [20] for half odd integer spin chains, and its
extension to finite magnetizations by OYA [10]. Here,
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however, we prove exact degeneracies of the twisted xxz
model on finite lattices, while previous work concerned
gaplessness in the thermodynamic limit at zero external
gauge field.
Before providing the proof, let us review three impor-
tant classes to which the theorem for S = 1/2 applies.
1. Odd ladders. q = 1, kx = 0, S
z
tot = 0. The selection
rules (4) cannot be satisfied, implying exact ground
state degeneracy at φ = 1/2. This is closely related
to the existence of gapless excitations in the ther-
modynamic limit of short range half odd integer
spin chains [20].
2. Even ladders with integer magnetization per rung.
The selection rule is obeyed for q = 1, which implies
a minigap at the first avoided crossing of the ground
states. If this minigap survives the Lx → ∞ limit,
the system is in the Haldane gap phase.
3. Even ladders with rational magnetization per rung.
The selection rule is obeyed only for some q > 1.
This gives rise to a fractional AB periodicity of the
ground state.
Proof: The twist operator is defined as
Oˆ (φ) ≡ exp
(
−i
2π
Lx
φ
∑
r
Sz (r)x
)
. (5)
In addition, an x-inversion operator Ix is defined
IxS
α
x,yIx = S
α
−x,y. For any state ψ0 = |S
z
tot, kx, α〉, we
define the “q-conjugated” state ψq as
|ψq〉 = Oˆ (−q) Ix|ψ0〉 (6)
Lemma (degeneracy):
〈ψq|H(q/2)|ψq〉 = 〈ψ0|H(q/2)|ψ0〉 (7)
The Lemma is proven by a direct substitution of (6) in
(7) noting that O(φ) is the explicit gauge transformation
on H ,
H (φ) = Oˆ (−φ)H(0)Oˆ (φ) , (8)
and using the identities IxO(φ)Ix = O(−φ), and
[H(0), Ix] = 0.
The theorem is proved by showing that ψ0 will be
transformed by “q-conjugation” into an orthogonal state
〈ψq|ψ0〉 = 0 unless the selection rule (4) is obeyed. The
unit lattice translation in the x direction is Tx. We make
use of the two identitites
TxOˆ(−q)T
−1
x = exp (i2πqS
z
tot/Lx + i2πqSLy)O(−q),
IxTxIx = T
−1
x . (9)
The lattice momentum of ψq is given by
Tx|ψq〉 = exp
(
−i
2πq
Lx
Sztot + i2πqSLy + ikx
)
|ψq〉 (10)
It follows that 〈ψq|ψ0〉 = 0 unless the momentum dif-
ference δkx = 2π(qS
z
tot/Lx − qSLy) + 2kx is an integer
multiple of 2π, which proves selection rules (4). QED.
Translating back into the boson language, we consider
the ground state at φ = 0, with kx = 0, and excess
Bose density δn = p
qLy
. The selection rule implies that
as φ is increased, the adiabatic ground state passes q −
1 exact level crossings before reaching the first minigap
allowed by (4). Hence it is clear that the ground state
adiabatic periodicity in AB flux is qΦ0. Fig. 1 depicts
the ground state evolution for the cases q = 1, 2, 3. The
critical current is bounded by
Icr(q) ≤ (J/h¯)Lyδn(1− δn) sin(
π
Lx
q) (11)
which holds upto q = Lx/2 where the bound coincides
with the classical critical current Iclcr = (J/h¯)Lyδn(1 −
δn).
FIG. 3. Schematic diagram of critical currents versus
Cooper pair density n for an array of size Lx=20 and Ly=2.
Rational numbers p/q = nqLy, which label the dips at nq ,
are indicated. The classical critical current is depicted by a
thin line. Above the critical currents at nq, fractional AC
Josephson frequencies are expected at 2eV/(hq). Spatial dis-
order and finite temperature are introduced qualitatively by
broadening of the dips.
In Fig. 3 the schematic structure of the critical current
is plotted against the Cooper pairs density for a Joseph-
son ladder with Lx = 20. Notice the sharp dips in the
critical current at rational densities which obey the se-
lection rule. For weak easy plane anisotropy, these min-
ima are expected to vanish in the thermodynamic limit,
reflecting vanishing stiffness and gapped excitations at
these points.
The classical Josephson frequency of an array of length
Lx array is fcl = 2eV/(hLx), where V is the total voltage
drop in the x direction. However at rational densities
nq = p/(qLy), for bias current slightly above Icr(nq), an
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AC Josephson effect should be observed with frequency
fq = 2eV/(qh). This could be pictured as current os-
cillations caused by moving on the adiabatic curves of
Fig. 1. Alternatively, this effect could perhaps be better
detected as fractional Shapiro steps in an external high
frequency electromagnetic field [22].
Experimental realization. One of the experimental se-
tups described in Ref. [4], has individual gate voltage
probes which control the Cooper pair density at each is-
land to high accuracy. The short range Bose Hubbard
model for this type of JJA can be justified if the ra-
tio of inter-island capacitance to gate capacitance obeys
ǫ = C/C0 << 1. This translates to onsite and intersite
interactions of Eq. (1) given by U = 2e2(1− 4ǫ)/C0, and
V = ǫ4e2/C0 respectively. U >> V in this regime. In
order map (1) to (2), we demand that U >> J , where
J is the Josephson coupling between islands. The easy-
plane regime is given by V ≤ 4J . As emphasized earlier,
this inequality is crucial for eliminating possible charge
density states, which may also exhibit reduced critical
currents at commensurate fillings.
The junction parameters reported in Ref. [4] were
C0 =0.64fF , and C =1.0fF, and J =0.63
◦K. To reach the
desired regime, these parameters should be modified to
approximately C0 =3.0fF, and C =0.3fF, and J =0.2
◦K.
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